
The  Dynamics  of  Epitaxy  


P.W.	  Voorhees	  
Department	  of	  Materials	  Science	  and	  Engineering	  

Northwestern	  University	  
Evanston,	  IL	  



Outline 

• Burton-‐Frank-‐Cabrera	  Model	  for	  solid-‐vapor	  surfaces	  
•  The	  Dynamics	  of	  steps:	  	  

•  Step-‐step	  interacKons	  and	  step	  bunching	  
•  meandering	  and	  stability 	  	  

• Role	  of	  deposiKon	  in	  surface	  roughness	  
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Solid-‐Vapor  Surfaces  at  T<TR

	  

	  
(Swartzendruber,	  B.S.,	  et	  al.	  (1990)	  Phys.	  Rev.	  Le[.	  65,	  1913.	  )	  
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Step  Energy

•  The	  step	  energy,	  	  	  	  	  is	  posiKve	  	  
•  It	  is	  very	  approximately,	  
•  It	  goes	  to	  zero	  at	  the	  roughening	  transiKon	  

β ~ γ a
β

Below	  TR	   Above	  TR	  
(M.	  Asta)	  



Growth  Modes  During  MBE

(A.	  Pimpinelli	  and	  J.	  Villian)	  

Surface	  diffusion	  possible	  

Island	  nucleaKon	  

Step	  flow	  

Surface	  diffusion	  not	  possible	  



Defects  Can  Act  as  Sources  of  Steps

Growth	  from	  screw	  
dislocaKons	  that	  
intersect	  the	  
surface	  

Other	  defects	  are	  common	  in	  semiconductor	  systems:	  stacking	  
faults	  and	  twins	  

(Heyraud	  &	  Metois,	  CRMC2,	  Marseille)	  



(Gamalski,	  et	  al.	  2013)	  	  



Step  moEon:  BFC  model  
•  Infinite	  vicinal	  surface	  
• Parallel	  straight	  steps	  

(A.	  Pimpinelli	  and	  J.	  Villian)	  

DeposiKon	  

EvaporaKon	  

Surface	  diffusion	  

IncorporaKon	  at	  step	  
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Step  moEon:  BFC  model  
First	  approximaKon:	  	  
•  Emission	  and	  adsorpKon	  of	  adatoms	  is	  fast	  
•  Thus,	  local	  equilibrium	  is	  present	  at	  a	  step	  edge	  

ρe(L(t))



QuasistaEonary  ApproximaEon
• Assume	  that	  the	  diffusion	  field	  relaxes	  to	  its	  steady	  
state	  value	  very	  quickly:	  

• With	  the	  soluKon:	  

κ = (Dsτ v )
−1/2where	  

where	  the	  origin	  has	  been	  located	  at	  the	  center	  of	  a	  terrace	  

ρ(x) = Fτ v +
cosh(κ x)
cosh(κ l / 2)

ρe − Fτ v( )

1
Ds

∂ρ
∂t

= 0 = ∂2ρ
∂x2

− 1
Dsτ v

ρ + F
Ds

EvaporaKon	  

ρe ρe

DeposiKon	  



The  Limit  of  No  EvaporaEon

•  This	  is	  case	  in	  certain	  MBE	  growth	  situaKons	  (Ge	  or	  Si)	  
•  Residence	  Kme	  on	  the	  surface	  is	  long	  	  
•  This	  implies	  that	  the	  screening	  distance	  is	  very	  small	  

τ v →∞

EvaporaKon	  

ρe ρe

DeposiKon	  

ρ(x) = ρe + Fτ vκ
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Step  Velocity

• Mass	  balance	  at	  a	  step	  edge:	  

Vl
l′

J +

J −

Thus:	  

V = Ds Fτ v − ρe( )κ tanh(κ l / 2)+ tanh(κ l ′ / 2)⎡⎣ ⎤⎦

L(t)

dL
dt

=V = Ω Ds
∂ρ
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− Ds
∂ρ
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⎛
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⎞
⎠⎟



Stable  Step  Flow  Growth  (NucleaEon)

•  If	  the	  adatom	  supersaturaKon	  is	  sufficiently	  large	  
and	  there	  atoms	  do	  not	  have	  Kme	  to	  a[ach	  to	  a	  
step,	  nucleaKon	  of	  an	  island	  can	  occur	  on	  a	  terrace	  

•  The	  diffusion	  length	  depends	  on	  the	  atom	  flux,	  

•  Then	  if	  	  	  	  	  	  	  	  	  	  	  then	  nucleaKon	  does	  not	  occur	  and	  
step	  flow	  takes	  place	  

DeposiKon	  

ls = Dsτ a ~ (Ds / F)
1/6

ls ≫ l



Ehrlich-‐Schwoebel  Barrier

• Previously	  we	  assumed	  that	  the	  a[achment	  and	  
emission	  of	  atoms	  at	  a	  step	  edge	  is	  fast,	  thus	  	  

	  
• However,	  there	  can	  be	  to	  barriers	  to	  atom	  moKon	  
at	  the	  step	  edges:	  

µ(L) = µe(ρ)⇒ ρ(L) = ρe

J +

J −



J +→−

J −→ +

(Not	  Distance)	  

µe

µ+ − µe

µa

J +→− =α + exp(−µa / kT )

J −→ + =α + exp[(µ+ − µe + µa ) / kT ]

Upper	  Terrace	   Lower	  Terrace	  

JT
+→− = J +→− − J −→+−

Ehrlich-‐Schwoebel  Barrier



Total  Flux  From  Upper  to  Lower  Terrace

J +→− =α + exp(−µa / kT )

JT
+→− =α + exp(−µa / kT ) 1− exp[−(µ

+ − µe ) / kT ]( )

Since	  the	  total	  flux	  going	  from	  the	  upper	  to	  lower	  terrace	  is:	  

JT
+→− = J +→− − J −→+

Thus,	  

If	  we	  assume	  a	  small	  driving	  force,	  

Conclusions:	  
•  The	  chemical	  potenKal	  at	  the	  step	  edge	  of	  the	  upper	  terrace	  is	  not	  
equal	  to	  its	  equilibrium	  value	  

•  The	  magnitude	  of	  the	  difference	  depends	  on	  the	  kineKc	  coefficient	  
•  In	  unusual	  cases	  the	  kineKc	  coefficient	  can	  be	  infinity	  

JT
+→− = !k+ (µ+ − µe )

J −→ + =α + exp[−(µ+ − µe + µa ) / kT ]



Total  Flux  From  Upper  to  Lower  Terrace

Since	  the	  chemical	  potenKal	  is	  a	  funcKon	  of	  the	  adatom	  
density	  and	  assuming	  small	  changes	  from	  equilibrium	  

µ+ (ρ) = µe(ρe )+
∂µ
∂ρ

ρ − ρe( )

Since,	  
JT

+→− = !k+ (µ+ − µe )

JT
+→− = k+ (ρ + − ρe )

The	  flux	  can	  be	  expressed	  in	  terms	  of	  the	  adatom	  concentraKon:	  

The	  flux	  of	  adatoms	  that	  is	  going	  over	  the	  step	  is	  supplied	  by	  
diffusion	  from	  the	  upper	  step,	  

−D dρ
dx

+

= k+ (ρ + − ρe )



∂ρ
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= Ds
∂2ρ
∂x2

− 1
τ v

ρ + F

Step  moEon:  Erhlich-‐Schwoebel  barrier  

−D dρ
dx

+

= k+ (ρ + − ρe )

Note	  with	  an	  ES	  barrier	  k	  +	  is	  less	  than	  k	  -‐	  

D dρ
dx

−

= k− (ρ − − ρe )



V

l′

J +

J −

Step  moEon:  Erhlich-‐Schwoebel  barrier  

V = Ω Ds
∂ρ
∂x L+

− Ds
∂ρ
∂x L−

⎛
⎝⎜

⎞
⎠⎟
= k+ρ + − k−ρ − − 2ρe

This	  equaKon	  can	  be	  used	  to	  couple	  the	  gradients	  and	  
concentraKons	  

l



SoluEons  to  the  Diffusion  Problem

•  Surface	  diffusion	  along	  a	  terrace:	  
Pimpinelli	  and	  Villan	  (appendix)	  

• Nanowire	  with	  a	  catalyst	  
containing	  a	  single	  cylindrical	  
step,	  Golovin	  et	  al,	  JAP	  (2008)	  
(bulk	  and	  surface	  diffusion)	  

• Growth	  from	  a	  liquid:	  Chernov	  
JCG,	  2004	  



What  Happens  with  More  than  Two  Steps?

Is	  a	  train	  of	  straight	  steps	  stable	  to	  bunching?	  

IniKal	  state	  

Final	  state	  
Step	  bunch	  



Examples:  Erhlich-‐Schwoebel  Barrier

DeposiKon	  :	  Terrace	  A	  is	  larger	  than	  the	  surrounding	  facets	  

(A.	  Pimpinelli	  and	  J.	  Villian)	  

•  Terrace	  A	  collects	  more	  atoms	  than	  other	  terrace	  and	  then	  
feeds	  them	  to	  the	  step	  edge	  

•  Due	  to	  the	  ES	  barrier	  most	  of	  the	  atoms	  feeding	  the	  step	  edge	  
come	  from	  terrace	  A	  

•  Thus	  the	  step	  at	  B	  moves	  faster	  and	  the	  size	  of	  terrace	  A	  
decreases:	  ES	  barrier	  is	  stabilizing	  

IniKal	  

final	  



Examples:  Erhlich-‐Schwoebel  barrier
EvaporaKon:	  Terrace	  A	  is	  larger	  than	  the	  surrounding	  facets	  

(A.	  Pimpinelli	  and	  J.	  Villian)	  

final	  

iniKal	  

•  Terrace	  A	  loses	  more	  atoms	  than	  other	  terraces	  
•  So	  step	  a	  B	  recedes	  faster	  and	  due	  to	  the	  ES	  barrier	  most	  of	  the	  
atoms	  feeding	  the	  evaporaKon	  from	  terrace	  A	  come	  from	  the	  
moKon	  of	  step	  B	  	  

•  Thus	  the	  step	  a	  B	  recedes	  faster	  than	  other	  steps	  and	  the	  size	  of	  
terrace	  A	  increases:	  ES	  barrier	  is	  destabilizing	  on	  evaporaKon	  



Example:  Effects  of  IniEal  Size  of  Terraces

•  Very	  long,	  singular	  facet	  during	  deposiKon	  
•  No	  Erhlich-‐Schwoebel	  barrier	  

iniKal	  

•  Large	  facet	  collects	  more	  atoms	  than	  others	  
•  These	  atoms	  are	  fed	  to	  the	  the	  steps	  closest	  to	  this	  facet	  
•  Thus	  these	  steps	  move	  faster	  
•  Result:	  Step	  bunching	  due	  to	  the	  iniKal	  large	  terrace	  

(A.	  Pimpinelli	  and	  J.	  Villian)	  



Example:  Thermodynamically  Unstable  
Surface  OrientaEon,  Herring  FaceEng

•  Shape	  which	  gives	  constant	  chemical	  potenKal	  
•  Convex	  region	  is	  the	  Wulff	  shape	  

n θ γ = γ o 1+ γ 4 cos(4θ )( ) γ 4 = 0.3

γ + ∂2γ
∂θ 2

⎛
⎝⎜

⎞
⎠⎟
= 0γ + ∂2γ

∂θ 2

⎛
⎝⎜

⎞
⎠⎟
= 0

Metastable	   Metastable	  

Unstable	  
(PWV,	  Coriell	  and	  McFadden,	  
J.	  Cryst.	  Growth,	  1984)	  

µ = µo +Vm γ + ∂2γ
∂θ 2

⎛
⎝⎜

⎞
⎠⎟
κ

T > TR( )



Example:  Thermodynamically  Unstable  
Surface  OrientaEon,  Herring  FaceEng

n Unstable	  orientaKon	  

Stable	  orientaKon	  



What  Sets  the  Smallest  Spacing  Between  Steps?

• Only	  discuss	  two:	  
•  Surface	  stress	  
•  Entropic	  repulsion	  

• Other	  possibiliKes	  
•  Surface	  reconstrucKons	  (e.g.	  Si	  surface)	  
•  ComposiKon	  



•  The presence of a crystalline lattice allows us to 
differentiate between energy variations that involve 
deformation and those that involve growth 

Surface Stress and Surface Energy 

Deformation: surface 
stress f  

Growth: surface energy γ 	




Surface Stress and Surface Energy 
•  For a fluid as soon as the block is deformed, atoms 

move from the bulk to the surface, thus  f = γ 
•  Surface stress can be either positive or negative!  
•  Surface energy must be positive for stability. This 

prevents surfaces from spontaneously creating interfacial 
area 

•  Is there a relationship between surface stress and 
surface energy? 



Surface Stress and Surface Energy 

A

RA

( )1R iiA A e= +

z 

x 

( , , )R R i iiT eγ γ µ=

Surface energy per area in the 
reference state: 

( , , )i iiT eγ γ µ=

Surface energy per area in the physical 
state: 

ii xx yye e e= +



Surface Stress and Surface Energy 

R
ij

ij

f
e
γ∂

=
∂

Energy must be independent of reference state: 

R RA Aγ γ=
Using the expression for the area change: 

( )1 ii Reγ γ+ =
Using this in the above: 

2( )ij ij ij
ij

f O e
e
γ

γδ
∂

= + +
∂

( )1R iiA A e= +



Surface Stress Enters the Force Balance 

•  Surface stress is a force per unit length along the surface 
•  Consider a cylindrical surface, a portion of which is: 
 

•       
•  There is a jump in 

the force tangential 
to the interface  at 

 r R=

f frrT
α

R

r

T fα
θθ =

x̂
θ

P⌢r

P⌢r ≠ Trr
α



Surface Stress Enters the Force Balance 

For a smooth surface, the force balance is: 

Tn− Pn = ∇s i f

Surface stress has no effect at a planar surface, with constant f 
 
For curved surfaces, e.g. spherical surface, and f dilatational  

Tn− Pn = 2 f / R



Surface Stress 
•  In most cases, the magnitude of the surface stress is on 

the order of the surface energy 
•  Using the equations for the jump in the stress, the stress 

generated by a typical surface stress with a 100 nm 
diameter wire equal to putting the entire weight of a 
garbage truck on your fingernail 

•  Using a Lagrangian representation of the area, 

                                                        (     is the surface strain) 

•  Letting                 (true for any surface with inversion 
symmetry)  and integrating (to first order in strain) 

ˆij
ij

f
e
γ∂

=
∂

ij ijf f δ=

ˆo ij ijf eγ γ δ= +

îje



•  Thus the surface energy depends on the surface stress 
as 

•  So as the surface strain changes the surface energy 
changes. It can increase or decrease depending on the 
sign of f 

•  This can be important in many semiconductor surfaces, 
e.g. Ge (001) 

Surface Stress 

ˆo iifeγ γ= +



Consider  a  Surface  With  a  Step
Surface	  is	  no	  longer	  smooth,	  so	  the	  previous	  result	  
for	  the	  effects	  of	  stress	  at	  the	  surface	  does	  not	  hold	  

f frrT
α

rrT
β

R

r

T fα
θθ =

f
f

A	  step	  produces	  a	  long-‐ranged	  
strain	  field	  given	  by	  a	  force	  dipole	  

located	  at	  the	  step	  edge	  

F

F

F = gδ ′ (x)



Stress  Field  due  to  a  Step

•  Sufficiently	  close	  to	  the	  step	  the	  field	  is	  not	  dipolar	  
•  The	  component	  of	  the	  force	  along	  the	  surface	  induces	  an	  expansion	  
•  The	  component	  of	  the	  force	  normal	  to	  the	  surface	  induces	  a	  torque	  
•  The	  force	  dipole	  induces	  a	  long-‐range	  strain	  field	  ~	  1/d2	  
•  Consider	  two	  steps,	  
	  

•  Using	  the	  expression	  for	  the	  elasKc	  energy.	  

	  
	  	  	  	  	  and	  elasKc	  equilibrium	  condiKons,	  
	  
	  

ΔW = 1
2

TijEij dV∫

ui, j = ui, j
(1) + ui, j

(2) Tij = Tij
(1) +Tij

(2)

ΔW = − 1
2

Tijni∫ ujdx = − 1
2

Fj∫ ujdx



InteracEon  Energy  Between  Steps

•  The	  interacKon	  energy,	  	  

	  
•  For	  an	  elasKcally	  isotropic	  solid	  along	  the	  surface:	  

•  Thus,	  

•  The	  sign	  depends	  on	  the	  dot	  product	  of	  the	  dipole	  moments,	  
hence	  the	  signs	  of	  the	  two	  steps	  

ΔW12 = gi
(2)ui,x

(1)(x(2) ) = gi
(1)ui,x

(2)(x(1) )

ΔW12 =
2(1−ν 2 )

πE
gi
(1)gi

(2)

d 2

ui (x) = − 2(1−ν
2 )

πE
gi
x



InteracEon  Energy  Between  Steps

•  For	  two	  steps	  of	  the	  same	  direcKon:	  

	  	  	  	  	  the	  force	  is	  repulsive	  
•  For	  two	  steps	  of	  opposite	  direcKon:	  

	  	  	  	  
	  	  	  	  	  the	  force	  can	  be	  either	  a[racKve	  or	  repulsive	  
•  The	  force	  goes	  as	  1/d2 



What  Happens  with  More  than  Two  Steps?

Is	  a	  train	  of	  straight	  steps	  stable	  to	  bunching?	  

IniKal	  state	  

Final	  state	  
Step	  bunch	  



What  Sets  the  Smallest  Spacing  Between  Steps?

• Only	  discuss	  two:	  
•  Surface	  stress	  
•  Entropic	  repulsion	  

• Other	  possibiliKes	  
•  Surface	  reconstrucKons	  (e.g.	  Si	  surface)	  
•  ComposiKon	  



Step-‐Step  InteracEons:  Entropy

•  Steps	  have	  kinks	  
•  Thus,	  it	  is	  possible	  to	  consider	  
the	  fluctuaKons	  of	  a	  step	  edge	  
like	  a	  vibraKng	  string	  	  

•  Calculate	  the	  energy	  change	  
associated	  with	  an	  increase	  in	  
length	  of	  the	  step	  and	  ascribe	  
this	  to	  thermal	  fluctuaKons	  

•  The	  step	  is	  confined	  to	  live	  
between	  two	  neighboring	  
steps	  

•  Gruber	  and	  Mullins	  ca.	  1960	  

Complicated	  calculaKon,	  consider	  a	  simple	  qualitaKve	  argument	  



Entropy  of  a  FluctuaEng  Step

•  Expand	  in	  Fourier	  series:	  

•  The	  energy	  of	  the	  string	  increases,	  since	  it	  is	  not	  
straight,	  

•  Each	  mode	  carries	  an	  energy	  kBT/2,	  

x 
y 

y(x) = ak exp(ikx)
k
∑

L	  

E = Lβk2ak
2

k
∑ / 2

ak
2 = kBT

Lβk2

ds = (1+ (yx )
2 )1/2 ≈ 1

2
yx( )2⎛

⎝⎜
⎞
⎠⎟



Entropy  of  a  FluctuaEng  Step

•  The	  mean	  square	  displacement	  is,	  

• Diverges	  for	  small	  k, or	  large	  wavelength	  
• The mean square displacement must be less than d 
•  Long	  wavelength	  modes	  are	  cut	  off	  up	  to	  kc	  	  	  

 

 
	  

x2 ~ d 2 = 1
π

kbT
βk2kc

∞

∫ dk

x2 = ak
2

k
∑ = 1

2π
kbT
βk20

∞

∫ dk



Entropy  of  a  FluctuaEng  Step

•  Thus,	  

•  For	  each	  suppressed	  mode	  we	  lose	  free	  energy	  	  
•  NeglecKng	  the	  log,	  the	  free	  energy	  thus	  increases	  by	  an	  
amount	  

•  Thus,	  

•  So	  the	  entropic	  interacKon	  energy	  between	  goes	  as	  	  1/d2 	  

kc ~
kbT
βd 2

ΔE ~ kcLkbT

~ −kBT logT

ΔEL ~
(kbT )

2

βd 2



Entropy  of  a  FluctuaEng  Step

ΔEL ~
(kbT )

2

βd 2

Summary:	  Both	  elasKc	  and	  entropic	  interacKons	  go	  as	  	  1/d2 	  
	  



What  Happens  with  More  than  Two  Steps?

Is	  a	  train	  of	  straight	  steps	  stable	  to	  bunching?	  

IniKal	  state	  

Final	  state	  



Do  Steps  Remain  Straight  During  Growth?
•  Bales-‐Zangwill	  or	  Mullins-‐Sekerka	  instability	  

•  Diffusion-‐driven	  instability	  
•  To	  see	  this	  let	  the	  ES	  barrier	  be	  large	  
•  The	  adatom	  concentraKon	  gradient	  is	  larger	  at	  the	  peaks	  than	  
the	  troughs.	  	  “Lightning	  rod	  effect”	  

•  Since	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  the	  peaks	  move	  faster	  than	  troughs	  	  
•  Thus,	  the	  curvature	  at	  the	  Kp	  increases,	  this	  increases	  the	  
gradient.	  Thus	  	  	  	  	  	  and	  V	  go	  to	  infinity	  in	  finite	  Kme	  

(Bales	  and	  Zangwill,	  PRB	  1990)	  

V ~ dρ / dx

κ



Missing  Physics:  Capillarity

•  From	  before:	  

•  The	  equilibrium	  chemical	  potenKal	  is	  a	  funcKon	  of	  
the	  curvature	  of	  the	  step	  edge,	  due	  to	  a	  nonzero	  
step	  energy	  	  

	  

JT
+→− = !k+ (µ+ − µe )

µe = µo + βκ

Chemical	  potenKal	  at	  a	  flat	  
interface	  



Missing  Physics:  Capillarity

•  From	  before:	  

•  The	  equilibrium	  chemical	  potenKal	  is	  a	  funcKon	  of	  
the	  curvature	  of	  the	  step	  edge,	  due	  to	  a	  nonzero	  
step	  energy	  	  

•  If	  the	  step	  is	  posiKvely	  curved	  the	  chemical	  
potenKal	  is	  increased	  above	  its	  value	  at	  a	  flat	  
interface	  

•  If	  the	  step	  is	  negaKvely	  curved	  it	  is	  depressed	  

	  

JT
+→− = !k+ (µ+ − µe )

µe = µo + βκ

Chemical	  potenKal	  at	  a	  flat	  
interface	  



Missing  Physics:  Capillarity

µe > µo

µe < µo

Capillarity	  tends	  to	  fla[en	  the	  interface,	  and	  
prevents	  cusp	  formaKon	  due	  to	  diffusion	  

−D dρ
dx

+

= k+ (ρ + − ρo − βκ )



One  Last  Piece  of  Physics
• Diffusional	  interacKon	  between	  steps:	  

	  
•  So,	  can	  a	  non-‐planar	  upper	  step	  affect	  the	  shape	  of	  
the	  lower	  step?	  

Sinuous	  or	  meandering	   Varicose	  



MathemaEcal  FormulaEon

n

x 
y 

V = Ω Ds∇ρ
+ ⋅n− Ds∇ρ

− ⋅n( ) = k+ρ + − k−ρ − − 2ρe

ℓ

Vo

D∇ρ − in = k− (ρ − − ρo − βκ )

−D∇ρ + in = k+ (ρ + − ρo − βκ )

∂ρ
∂t

= Ds∇
2ρ +Vo

∂ρ
∂x

− 1
τ v

ρ + F



Linear  Stability  Analysis

•  To	  avoid	  numerical	  simulaKons,	  consider	  very	  small	  
perturbaKons	  about	  the	  flat	  step	  

•  This	  yields	  two	  problems,	  one	  for	  straight	  edges	  
propagaKng	  at	  a	  constant	  velocity	  V	  (order	  zero),	  
one	  for	  the	  evoluKon	  of	  the	  perturbaKon	  (order	  1)	  

•  For	  the	  interface:	  

•  For	  the	  concentraKon	  field	  

• Goal:	  determine	  if	  the	  perturbaKon	  grows	  or	  
shrinks,	  and	  the	  phase	  

ρ(x, y,t) = ρ (0)(y)+ ερ (1)(y)exp(σ t + ikx)

σ =σ R + iσ I

y = h(x,t) = 0 + εexp(σ t + ikx) ε≪1( )



Linear  Stability

Sinuous	  or	  meandering	   Varicose	  

σ I = 0 σ I = π

•  Field	  equaKon	  is	  linear:	  same	  in	  basic	  and	  
perturbed	  states	  

• Not	  true	  for	  the	  boundary	  condiKons,	  for	  example	  

κ = − hxx
1+ hx

2( )3/2
= − εhxx

(1)

1+ ε2 (hx
(1) )2( )3/2

= −εhxx
(1) = εk2 exp(σ t + ikx)



Linear  Stability

• At	  the	  interface	  we	  need	  quanKKes	  such	  as	  

• Use	  these	  two	  ideas	  to	  linearize	  all	  the	  boundary	  
condiKons	  

• Result	  is	  an	  order	  (1)	  problem	  where	  the	  field	  
equaKons	  are	  solved	  in	  a	  fixed	  domain	  with	  a	  flat	  
interface,	  but	  with	  boundary	  condiKons	  that	  vary	  
with	  posiKon	  along	  the	  step	  edges	  

• Algebraically	  messy!	  	  

ρ(x,εh(1)(x,t)) = ρ (0)(x,0)+ ε ∂ρ
(0)

∂y 0

h(1)(x,t)+ ερ (1)(x,0,t)



Dispersion  relaEon
•  One	  finds	  a	  dispersion	  relaKon:	  

• Where	  the	  supersaturaKon	  is	  

• Which	  is	  posiKve	  for	  growth	  and	  negaKve	  for	  evaporaKon	  

•  In	  most	  cases	  there	  is	  an	  ES	  barrier,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  thus	  
•  f  is	  always	  posiKve,	  so	  as	  expected	  line	  tension	  is	  stabilizing	  
•  Need	  to	  examine	  the	  sign	  of	  N 

σ R(k,σ I ) = ΩΔF(d− − d+ )N(k,σ I )− k
2 f (k,σ I )

ΔF = F − ρo /τ v

d = Ds / k
k+ > k− d− − d+ > 0

Edge	  energy	  
Diffusion	  

σ R(k,σ I ) = g(k,σ I )− k
2 f (k,σ I )



Dispersion  relaEon:  Single  Step

•  Let	  
•  Thus	  
•  For	  large	  k,	  f (k) dominates,	  for	  small	  k,	  f (k) goes	  to	  a	  
constant,	  and	  thus	  the	  edge	  energy	  term	  goes	  to	  zero	  

•  For	  small	  k, 

	  	  	  where	  
•  Thus,	  

•  If	  there	  is	  no	  ES	  barrier,	  the	  step	  is	  stable,	  why?	  

ℓ→∞
σ I = 0

κ = (Dsτ v )
−1/2

g(k) = ΩΔFk2 d− − d+( ) d− + d+( )+1/κ
κd− +1( )2 κd+ +1( )2



Dispersion  relaEon:  Single  Step

(Bales	  and	  Zangwill,	  PRB,	  1990)	  

PosiKve	  Ehrlich-‐Schoewbel	  barrier	  

Zero	  Ehrlich-‐Schwoebel	  barrier	  

Point	  effect	  of	  diffusion	  on	  upper	  
and	  lower	  terraces	  in	  opposite	  
direcKon:	  no	  driving	  force	  force	  for	  
instability	  

Point	  effect	  of	  diffusion	  only	  on	  
lower	  terraces:	  can	  have	  an	  
instability	  



Dispersion  relaEon:  Single  Step

•  Let	  
•  Thus	  
•  For	  large	  k,	  f (k) dominates,	  for	  small	  k,	  f (k) goes	  to	  a	  
constant,	  and	  thus	  the	  edge	  energy	  term	  goes	  to	  zero	  

•  For	  small	  k, 

	  	  	  where	  
•  Thus,	  

•  If	  there	  is	  no	  ES	  barrier,	  the	  step	  is	  stable,	  why?	  
•  In	  most	  cases,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  and	  thus	  g(k)>0 
•  g(k) ~ k2, so for	  sufficiently	  large	  prefactor,	  

ℓ→∞
σ I = 0

κ = (Dsτ v )
−1/2

d− − d+ > 0 ΔF > 0

g(k) = ΩΔFk2 d− − d+( ) d− + d+( )+1/κ
κd− +1( )2 κd+ +1( )2



Dispersion  relaEon:  Single  Step

We	  obtain	  a	  dispersion	  relaKon:	  

k /κ

σ
ΩΔF

Edge	  energy	  

Diffusion	  

kc

However,	  since	  g(k) ~ k2,	  for	  small	  k,	  	  

σ R = ΩΔFk2 d− − d+( ) d− + d+( )+1/κ
κd− +1( )2 κd+ +1( )2

− f
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
k2



Dispersion  relaEon:  Single  Step

•  So	  there	  exists	  a	  criKcal	  supersaturaKon	  below	  
which	  the	  step	  remains	  planar	  

•  For	  sufficiently	  small	  step	  energy	  an	  isolated	  step	  
will	  be	  unstable	  

σ R = ΩΔFk2 d− − d+( ) d− + d+( )+1/κ
κd− +1( )2 κd+ +1( )2

− f
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
k2



Dispersion  relaEon:  MulEple  Steps

• Consider	  the	  limit	  suggested	  by	  MBE	  (Si,	  Ge)	  
• No	  evaporaKon	  
• Mode	  with	  the	  largest	  	  	  	  	  	  has	  	  
•  In	  this	  limit,	  

•  Since,	  

•  The	  train	  of	  steps	  is	  always	  unstable	  to	  a	  long	  
wavelength	  (	  	  	  	  	  	  	  	  	  	  )	  mode	  
	  

τ v →∞
σ R σ I = 0

g(k,σ I = 0) = Ω d− − d+( ) ℓ2k2

2 d− + d+ + ℓ( )
f (k,σ I = 0) =

ΩℓDsβ
kbT

k2

σ R(k,σ I ) = g(k,σ I )− k
2 f (k,σ I )

k→ 0



•  So	  step	  flow	  during	  MBE	  with	  an	  ES	  barrier	  is	  
unstable	  to	  	  meandering:	  	  

	  
•  Large	  literature	  examining	  the	  evoluKon	  beyond	  
linear	  theory,	  one	  finds	  cells	  dendrites	  etc.	  	  

Dispersion  relaEon:  MulEple  Steps



Role  of  Beam  FluctuaEons

• Do	  fluctuaKons	  in	  the	  beam	  intensity	  induce	  a	  
rough	  surface?	  

• CompeKKon	  between	  “healing”	  (surface	  diffusion),	  
and	  randomness	  of	  the	  deposiKon	  process	  

• Why	  does	  surface	  diffusion	  heal?	  
• Consider	  a	  surface	  above	  TR	  (isotropic)	  
 
• Mass	  balance	  at	  the	  surface:	  
 ρvV = −∇s i Js

µ = µo +Vmγκ



Capillarity  Driven  Surface  Diffusion

•  The	  flux	  along	  the	  surface:	  
	  
•  SubsKtuKng	  into	  the	  above,	  
	  
•  Using	  the	  expression	  for	  the	  chemical	  potenKal,	  ields	  an	  
evoluKon	  equaKon	  for	  the	  surface,	  

•  Consider	  a	  small	  perturbaKon	  about	  a	  flat	  interface	  	  	  
	  
•  Assume,	  
	  
	  
	  
	  

y(x,t) = εh(x,t)
V =α∇s

2κ

h = ho exp(σ t + ikx)

ht = −αhxxxx

Js = −Ds∇sµ

(Mullins	  ca.	  1960)	  

ρvV = ∇s
2µ



Capillarity  Driven  Surface  Diffusion

• One	  obtains,	  

•  Thus,	  all	  perturbaKons	  decay:	  
σ = −αk 4

capillarity	  driven	  surface	  diffusion	  smooths	  	  
or	  heals	  the	  surface	  

	  



Surface  Roughness

•  As	  we	  saw,	  the	  surface	  is	  considered	  rough	  when	  the	  
height-‐height	  correlaKon	  funcKon	  diverges	  for	  large	  r,	  t. 

•  At	  t = 0,	  the	  surface	  is	  flat,	  
•  Does	  beam	  noise	  lead	  to	  a	  rough	  surface?	  
•  Consider	  a	  deposiKon	  of	  h	  atomic	  layers	  
•  Surface	  diffusion	  smooths	  the	  surface	  on	  a	  distance	  
•  Average	  number	  of	  atoms	  deposited	  
•  Since	  the	  deposiKon	  is	  random	  (0,1),	  the	  mean	  square	  
deviaKon	  is	  also	  	  	  	  	  	  	  	  	  .	  	  Thus,	  

G(r,t) = z(r,t)− z(r + ′r ,t)( )2

G(r,t) = 0

ℓ s
ℓ s
2h

ℓ s
2h

δh ≈ h / ℓ s



Surface  Roughness

•  If	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  then	  	  	  	  	  	  	  	  	  	  	  	  	  	  for	  
•  So,	  in	  most	  cases	  beam	  fluctuaKons	  are	  not	  
important	  	  

• However,	  there	  is	  much	  beauKful	  physics	  sKll	  to	  be	  
done.	  No	  variaKonal	  principle!	  

•  Edwards-‐Wilkinson.	  Take	  the	  surface	  diffusion	  
model	  and	  make	  it	  a	  Langevin	  equaKon,	  

• Where	  f(x,t) is	  the	  random	  beam	  deposiKon	  	  
•  The	  correlaKon	  length	  	  

ℓ s ≈100 h >104 δh >1

ht = −αhxxxx + f (x,t)

ξ ~ t1/4

δh ≈ h / ℓ s



Karder-‐Parisi-‐Zhang  EquaEon

•  Include	  a	  lower	  order	  term	  to	  the	  Edwards-‐
Wilkinson	  equaKon	  

• ConnecKon	  to	  MBE	  not	  clear	  
•  Inspired	  by	  models	  for	  deposiKon	  at	  very	  low	  
temperatures	  

• Huge	  literature	  on	  this	  topic	  (KPZ	  paper	  has	  over	  
4000	  citaKons)	  

ht = a(hx )
2 −αhxxxx + f (x,t)


